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Abstract. Components of complex systems are often classified according to
the way they interact with each other. In graph theory such groups are
known as clusters or communities. Many different techniques have been recently
proposed to detect them, some of which involve inference methods using either
Bayesian or maximum likelihood approaches. In this paper, we study a statistical
model designed for detecting clusters based on connection similarity. The basic
assumption of the model is that the graph was generated by a certain grouping
of the nodes and an expectation maximization algorithm is employed to infer
that grouping. We show that the method admits further development to yield
a stability analysis of the groupings that quantifies the extent to which each
node influences its neighbors’ group membership. Our approach naturally allows
for the identification of the key elements responsible for the grouping and their
resilience to changes in the network. Given the generality of the assumptions
underlying the statistical model, such nodes are likely to play special roles in the
original system. We illustrate this point by analyzing several empirical networks
for which further information about the properties of the nodes is available. The
search and identification of stabilizing nodes constitutes thus a novel technique
to characterize the relevance of nodes in complex networks.
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Figure 4. Political affinity network between congressmen of the 109th US Senate.
Right: the node shapes are as in figure 1: rhomboids are strong stabilizers and
spheres. well-classified nodes not passing essential group information. The colors
convey the NL-EM classification which follows the partition into Democrat (blue)
and Republican (red) fields. Left: the senators are displayed as ranked according
to their liberal-conservative score [32]. The average values of the score in the
different sub-groups are: Rep. stabilizers 0.45+0.08, Rep. strong nodes 0.33+0.12,
Dem. strong nodes —0.22 £ 0.08 and Dem. stabilizers —0.37 4 0.06.

of 32 nodes each, with the nodes having on average (k;,) = 16 in-group links. These
groups correspond to the four clusters of figures 2(A)—(D). Random links connecting
different groups are added to the basic configuration and the number of stabilizers are
tracked as a function of the average number of out-group links k... Figure 2 shows the
stabilizers obtained from an NL-EM classification into Nz = 4 groups at disorder level
kow = 0.5,6.0,8.3 and 15.3.

When ko = 0 we find a crisp classification where all nodes are strong stabilizers,
meaning that all nodes stabilize and are being stabilized. Furthermore, all of them provide
complete stabilization information, I = 3, with a single stabilizer sufficing to crisply
classify a neighbor. Since (k;,) = 16, there is, on average, 16-fold redundancy in the
stabilization of each node. As random connections are added to the network, the four
clusters become connected with each other. Some of the stabilizers start to stabilize
against fewer classes, giving rise to a decrease in the average I. In the right panel of
figure 3, we have plotted how the average stabilization information decays when Fkqy
increases. In order for nodes with I < 3 to be stabilizers they have to act in combined
action with other nodes, as in the example of figure 1. Thus an increase of the level
of disorder k. causes both a reduction in the redundancy of the stabilization of strong
nodes and a shift towards stabilization by the combined action of more than one stabilizer.
The increase in disorder eventually leads to a loss of strong nodes, implying that the
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Figure 5. Stabilizer analysis for the noun-adjective network in David
Copperfield [36]. The links represent words appearing in juxtaposition, while
the superposed directed links indicate the stabilization relations. The NL-EM
class assignment correlates strongly with the word being a noun (green) or an
adjective (red). On the right, the subgraph formed by the strong stabilizers that
exhibits a strict bipartite ordering.

classification deteriorates. In order to assess the quality of classifications, we use the
entropy Sy, as defined in [2]

1
Sy = N Zq" In g;,.. (10)

The entropy S, measures the crispness of a classification. When S, = 0, all the nodes are
strong, while S, = In(N¢) corresponds to a case where the classification of the nodes is
maximally uncertain. The right panel of figure 3 displays S, as a function of kg, showing
that the crispness of the classification is lost for large kqy.

The increase in entropy is closely related to what happens to the different nodes in
the classification as edges are added, particularly to the stabilizers. The variation of the
number of the different types of nodes with kg is shown in the left panel of figure 3. As
the addition of new edges progresses, some nodes cease to be strong stabilizers. When a
node is not a strong stabilizer anymore, it can still remain strong as long as there are other
nodes stabilizing it in its neighborhood. As can be seen in the left panel of figure 3, this
is what is happening up to ko < 4: the number of strong stabilizers decreases while the
number of strong nodes rises accordingly. Therefore, initially the effect of adding edges is
to convert strong stabilizers into strong nodes. Most of the nodes remain strong (stabilizer
or not), and the classification is essentially crisp with an entropy S, ~ 0. With the further
addition of edges, the number of strong nodes starts to decrease as a result of the loss of
stabilization, giving rise to the appearance of weak stabilizing and non-stabilizing nodes
at kow = 4. Continuing to ke = 10, the entropy of the classification remains very low
because there is still a sizable number of strong nodes supported by a few weak and strong
stabilizers (see panels B and C in figure 2). As further edges are added, the number of
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